ANALYTICAL GEOMETRY

Revision of Grade 10 Analytical Geometry

Let’s quickly have a look at the analytical geometry you learnt in Grade 10.

Midpoint formula

2 2
The midpoint formula is used to find the coordinates of the midpoint of a line
segment.

Example
Find the midpoint of the line joining A(-2; 2) and B(4; 6)

M
WW 6)

A(=2;2)

Solution

To find the x co-ordinate of the midpoint we add the x coordinates of A and B

together and divide by 2
X +X _2+4
2 2

=1

We then do the same using the y values of A and B
»+ty, 2+6
2 2
=4

The coordinates of the mid-point are therefore M(1; 4).

Distance formula

The distance formula is used to find the distance between two points Alx,;y,)
and B(x, ; y,).

AB = /(x, - x)2 + (y, - y,)?

Example

Find the distance between A(2; 3) and B(7; 4)

Solution

When using the distance formula we must remember that if we start with point

A we must keep on using A first.

AB:\/x—x)2+(y—sz
=/(2-7)*+(3-4)?

TT T

A B AB
= V(=572 +(-1)
=26

4
-2/
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The question might ask you to leave your answer in simplest surd form or to 1
or 2 decimal places.

Gradient (slope)

The gradient of a line gives us an indication of the

steepness of the line. It is important to remember that a /
line with a positive gradient runs ‘uphill’ from left to right.

When calculating the gradient of a line we must always look at the answer and
make sure it ‘looks’ right.

Y
AB X, — X,

A line with a negative gradient runs ‘downhill’ if
we look at it from left to right.

Example

Calculate the gradient of the line AB.
Solution

A(-1;2)
_i \
T -4

_2-(-4)
M= "33
3 B(3; - 4)

2

Our answer is negative and the line runs downhill from left to right so this looks
correct.

e Let's quickly talk about lines that are parallel.
Parallel lines have the same gradient.

B F
This means if we multiply the 2 gradients with each other our answer must
be -1.

m,=m,

e What about perpendicular lines?
Perpendicular lines intersect at an angle of 90°.
For perpendicular lines

m1><m2:—1

2
eqg. mBC—§
_ 3
Mpe =73
_2 3
chmeF—gx—j



Colinear points

Do you still remember what colinear points are?

Colinear points are points that lie on the same straight line.
A

B
\.\.\:\
The points A, B and C lie on the same straight line and are therefore colinear.

This means thatm ,=m_,_=m, . To prove that 3 points are colinear we only
have to prove that 2 of the gradients are equal.

Now that we have revised what you learnt in Grade 10 we will use these skills to
learn the following:

° Finding the equation of a line.
° More about parallel and perpendicular lines.
° Inclination of a line.

After we have gone through these topics we will then do an exercise where we
test all of your analytical geometry skills!

Finding the equation of a line.
The equation of a straight line is given by y =mx + ¢

m is the gradient of the line and c is the y intercept

Example 1 @ Example
Give the equation of a straight line with gradient = 4 and y-intercept -3.

: o
Solution Solution
This is easy, all we have to do is substitute m and ¢ =

y=4x-3
Example 2 @ Example
Find the equation of the line with gradient = -4 passing through A(2; 8)
Solution = :

Solution

We use the formulay -y, = m(x - x,)

e [

the gradient

y-8=-4x+8
y=-4x+16

Example 3
Find the equation of the straight line joining A(-2; 3) and B(1 ; %)
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L Solution
Solution

First we must calculate the gradient between A and B using the gradient

formula

Y,
mAB XX,
3
-2-1

3

—2

-3

_1

2

then we use the formulay -y, =m(x - x,)
Into this formula we substitute the gradient and one of our 2 points.
| will use A(=2; 3)

y-3=-3(x-(-2)
y—3:—%x—1
y=—%+2

Special lines

<—————-|-_- ———————— -

Consider the line above:
This line is parallel to the x axis and intersects the y axis at 4.

These lines have the general equation y = ¢ where c is the y intercept. The
equation of the line is therefore y = 4

y

The line above is parallel to the y axis and intersects the x axis at —2. These lines
R have the general equation x = ¢ where c is the x intercept. The equation of the
. ine is therefore x = -2.
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Example 4 @ Example
P(-2; 1) Q(2; 5) and R(4; -3) are the vertices of APQR. M is the midpoint of QR.
Determine the equation of line PM.

e\

Solution Solution

It is always helpful to draw a rough diagram.
y

P(=2;1) <

Q(2;5)

R(4; -3)

We first have to find the coordinates of M. M is the midpoint of the line QR so
we use the midpoint formula
()c1 +x2. Y +y2>
2 2
(2 +4.5+ (—3)>
272
M(3; 1)

Now that we have the coordinates of M we use the gradient formula to
calculate the gradient of PM.

_Th
PM X, = X, This is interesting!!

m

== What does it mean if

—-2-3
o «— | our gradient is zero?

It means the line is parallel to the x-axis. Therefore the equation is y = 1. (Please
note that had the gradient not been zero we would have used “the formula” y
-y, =m(x - x,) to calculate the equation in the form y = mx + c.

Parallel and perpendicular lines

We revised earlier that parallel lines have the same gradient and perpendicular
lines have gradients with product equal to - 1.

Example 5 @ Example

Show that the line AB defined by y = 2x + 3 is perpendicular to the line CD,

defined by 2y + x -2 =0 @

. 2o
Solution olution
e Both equations must be in standard form. > \O Y
y=2x+3 2y+x-2=0 .,
\
2y=-x+2 B \
D

J

y=—%x+1 ‘\/
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Then compare the gradients

N|—

My =2 Mmep=-
My XM, = -1

Therefore the lines AB and CD are perpendicular.

Example @ Example 6

Determine the equation of the line AB if it is given that AB is perpendicular to
the line 2y = 4x + 8 and passes through (-2; -8).

ol

Solution Solution

Write the equation of the given line in standard form.
2y=4x+8
y=2x+4

The line has a gradient of +2. This means that the gradient of AB = —% asitis
given that the lines are perpendicular.

Now we use the formulay - y, = m(x - x,) to determine the equation of the line.
y-(-8)=-5(x- (-2)
y+8= —%x -1

y= —%x -9
Perpendicular bisectors A

It is important to know the properties of a
perpendicular bisector. The name tells us all we
need to know!

In the diagram alongside the line AB is

the perpendicular bisector of CD. AB is
perpendicular to CD and it cuts CD into 2 equal
parts. (Passes through the midpoint).

Example @ Example 7 B

Find the equation of the perpendicular bisector
of ABif A(-6; -2) and B(3; 1).

& .
Solution Solution

As always it is a good idea to make a rough sketch.
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First we calculate the coordinates of M the midpoint of AB as our perpendicular
bisector passes throught the point M. We use the midpoint formula.

<x1 +x2' Y, +y2>

2 ' 2
(—6+3,—2+1)
2 72
-3.-1
M3
Now we calculate the gradient of the line AB.

_ XN
AB T X, - X,
_=-2-1
T —6-3
_-3
-9
1
3

We know that our perpendicular bisector must have a gradient of -3 as
m, x m, = -1 for perpendicular lines.

We now use the coordinates of the midpoint as well as the gradient to find the
equation of the perpendicular bisector.

1 3
=) o (-3)=-3f- (3]
1\ = 3 1__ 3
y"('ﬂ‘"3@+2> yta= 3h+2]
y+%:_3x_% y+%:—3x—% (x 2)
y=-3x-5 2y+1=6x-9
2y+1=-6x-9
2y=-6x-10
sy=-3x-5
Example 8 @ Example
A(-10; -2) B(10; 8) and C(11; -9) are the vertices of AABC. Determine the
equation of CT If CT is perpendicular to AB.

i B(10; = .
Solution (10;8) Solution
First we determine the gradient of AB as we will T
then be able to determine the gradient of CT.

Y

AB T X, — X,
—_—2-8 10—
~-10-10 Al=10;-2)
_-10
—-20

_1

2

y-y,=mlx-x,)

y-(=9)=-2(x-11)

C(11;-9)
.. the gradient of CT =-2.
We now use C(11;-9) and m = -2 to determine the equation of CT. @

@

II"

~\
N

y+9=-2x+22
y=-2x+13 ‘\/

s~
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Angle of Inclination

The angle of inclination of a line is the angle that the line makes with the

positive Xx-axis.
/B
0 X

Consider the line AB above. AB has a positive gradient as the line runs ‘uphill’
from left to right. The angle of inclination 6 is an acute angle.

Consider the line CD. CD has a negative gradient
as CD runs ‘downhill’ from left to right. The c
angle of inclination 0 is an obtuse angle.

The size of the angle of inclination can be
calculated using \%

tanB=m D

m=2

tano =)y—c

Stan6=m

Example @ Example 9

Calculate the angle which the line passing through (-2; -2) and (3; 4) makes
with the positive x axis.

& .
Solution Solution

(3;4
A(.

X

rd

(-2;-2)

First we calculate the gradient of the line.

V)
m—xz—x1
=4—(—2) _6

3-(-2) " 5
@ The line has a (po)sitive gradient so we know that 6 will be an acute angle.
® tanO=m
/ / g tan© :%
e e calculate 6 by using the tan™" function on our calculator.

%
\ 0=50.2°
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Example 10

Calculate the angle between the line passing through (-3; 3) and (2; -4) and the
positive x axis.

Solution

(-3;3)
\6\

\ (2;-4)

Again we start by calculating the gradient of our line.

_ Y
X

-5

The line has a negative gradient so we know that 0 will be an obtuse angle.
tan6=m
tan 6= %7

We calculate a reference angle by using the tan™' function on our calculator.
Ref angle =-54,5°

Now we add 180° to give us an angle between 90° and 180°.
0=-54,5°+180°

=125,5°

Let’s have a look at a slightly more difficult example.

Example 11 y

P(-4;5)
Q3;4)

Calculate the size of angle £3.

@ Example

ol
Solution

@ Example

@Q@@

l["

~\
3

s~

4_6/
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L. Solution
Solution

In order to calculate the size of angle B we will first have to calculate o. and 6.

_ Y _4—(—4)
PRT X, — X, mQR_3—(—1)
_ 5- (_4) _ 2
=00 =
_9 —
=3 tan0=2
=-3 0 =63,4°
tan oo =-3
Ref £ =-71,6°
o =108,4° y
Now let’s look at the diagram again.
108.4° ﬁ&ﬁ
71.6° 63.4°
(supplementary angles) (veytically opposite)
B

Z B=180°-(71,6°+63,4°)
=45° (angles of a triangle add up to 180°)

Activity ﬁ‘ Activity

Practise the questions in this section to ensure you understand all the concepts
in Analytical geometry.

1. Determine the equation of the straight line that passes through:
1.1 the points A(3; 4) and B(1; 5)

1.2 the point (-6; -2) and perpendicularto 3x + 2y =6

1.3 (3;-1)and parallel to 2y - 6x =1

2. A(-5; 5), B(4; -5) and C(1; p) are colinear. Determine
@ 2.1  thelength of AB
@ 2.2 the gradient of AB
2.3 theangle AB makes with the positive x axis
} r‘:" 24  thevalueof p.
(q = . Given A(=5; 1), B(1; 6) and C(7; - 2). Determine

c/
\ .1 thelength of AC
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3.2
3.3
34

5.1
52
53
54

6.1
6.2
6.3
6.4
6.5

the equation of the line BC
the coordinates of P the midpoint of AB
the equation of the line parallel to AC passing through the point (-1; 3)

Determine the equation of the line through the point (-2; -3) and
perpendicular to the line 2x + 3y =13.

A(-4; 3), B(6; -2), T(8; a) and S(4; r) and points in a cartesian plane.
Determine the equation of the line AB.

Calculate the value of a if BTLAB

Calculate the value of b if M(b; 0) is the midpoint of BT

Calculate the values of ¢ if BS = 2v/10

In the figure PQRis a triangle. The coordinates of P are (1; -1).
The equations of QRand PRarex-3y+6=0andx-y-2=0
respectively.

y
Show that coordinates of Q are (0; 2)

Calculate the gradient of QR

Prove that PQR = 90° Q
Find the coordinates of R

Calculate the length of RQ \/ *

Calculate the gradient of the line with inclination 100°

Find the equation of the perpendicular bisector of MN if M is the point
(-3; 2) and N is the point (5; -8)

ABCD is a parallelogram with vertices A(2; 3), B(7; -5), C(3; -11) and D(x; y).
Find the 4™ vertex of the paralellogram.

Find the obtuse angle between AB and CD IF A(-5; 4), B(5; -2) and the
equationof CDis2y-3x+10=0

y

T obtuse angle

s~

\
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Solutions

1.1 myy=53—>="1
y=y,=mx-x)
(-4 =-3(x-3)
2y-8=-—x+3

2y=-x+11

1.2 3x+2y=6

mof L line=

w(N

y-y,=mx-x,)
y-(-2)=2(x - (-6))
(x3) y+2=2(x+6)
3y+6=2(x+06)
3y+6=2x+12
3y=2x+6
y=%x+2
1.3 2y-6x=1
2y=6x+1
y:3x+%
y-y,=mlx-x,)
y-(=1)=3k-3)
y+1=3x-9
y=3x-10
2.1 AB=\/(x2—x1)2+(yz—y1)2
=V(-5-47+(5-(-5)
= /81+100
=181

V™)
2.2 Myg = X, =X,

_5-(-5)
= 5-4
_10

-9
@ 23 tanO=m

tanO:%
Ref 6 =-48
0=132°
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24 My =M,
p+>5_-10

-4~ 9

9p +45=30
_-15

-9

)

— 3

31 AC=/(x,-x2 + (y,-y,)?
=V(-5-77+(1-(-2)?
=V144+9
=153

3.2  First calculate the gradient of BC
Y,
BC ™ X, — X,
_6-(-2)
- 1-7
-8
T -6
4
-3
y-y,=mlx-x,)
y—6:—§(x—1)
3y-18=4x+4

3y=—4x+22
4 22

y:—§x+?

33 (Amnt)
(

3.4 =2-1_3

4y -12=—x-1
4y=—x+11
-1 11
y= TX + T
4, First write equation of line in standard form

3y=-2x+13 @
-2_,13
y= ?)H' ?
gradient .. L line gradientm = % @

y-y,=mlx-x,)
y-(-3)=3(x-(-2))
y+3=3(x+2)
2y+6=3x+6
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5.1

5.2

53

54

6.1
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y-intercept =2

5 = 2 if ABLBT
_a-(2) _

.

BS =/(x,~x,)2 + (v,- y,)?
BS =6 -4 + (-2 1)°
=VA+4+4r+1
=VP+41+8
BS?=r+4r+8

S (2V102 =P +41+8

0=r+4r-32
(r+8)(r-4)=0
s t=-8ort=4

First put both equations into std form.
x-y-2=0
-y=-x+2
y=x-2 Must be RP (-y intercept)
-3y=-x-6

y:lx+2

3 Must be QR (+y intercept)

(x=0)
5.Q=(0;2)
(see 6.1)



6.3

6.4

6.5

8.1

8.2

8.3

Mp X My, = =(=3)=-1

- POR=90°

Ris the point of intersection of QR and RP

1 _
§x+2—x—2
x+6=3x-6
-2x=-12

x=6

to find y value sub x = 6 back into either equation

y=(6)-2
=4
R(6; 4)

RQ= \/(xz _x1)2 +(y, —}’1)2

=V(6-07+(4-27

=40
0 =100°
~.tan 100°=m
..m=-5,67
y=3x42

s.m=3

Y-y, =m(x—x1)
y+2=3(x-4)
y=3x-14

Soml=-2

P(-1;-3)subintoy-y =m (x - x,)

SLy+3=-2(x+

y=-2x-2-3

1)

y=-2x-5

_-8-2
Mun = 5-(-3)

_-10

mL:g

Midpoint MN

2

-3+5.2-8
2

I

)
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(1;-3)
LYY, :m(n—n1):>y—(—3)=g(x_‘|)
5y+15=4n-4

5y=4n-19

4 19
V=SS

Midpoint AC (%,%
0
Midpoint BD (72, )

2 2
.7+x_5
2 T2

Sx=-2
—5+y=_4

tan 0=
.0 =149,04°

CD:2y=3x-10

Sy=3x-5

SMp =

Nw N|w N w

tano =

o=56,31°

.. Z between AB and CD = 149,04 - 56,31
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=92,73°



