TRIGONOMETRY %2/
LESSON

Special Angles: 30°; 60° and 45°

Overview
In this lesson you will:

e Use an equilateral triangle to define the sine; cosine and tangent ratios of
30°and 60°

e Use anisosceles triangle to define the sine; cosine and tangent ratios of
45°

e Simplify trigonometric expressions.

Draw an equilateral AABC with side 2 units. A
Definition: An equilateral A has all sides equal and all 60°
3 angles equal 60° each.
. In the case alongside: AB=BC=AC=2 units 2 2
A=B=C=60°
g L80° : 60\ -
Drop a perpendicular from A onto the opposite side BC. A
We say ADLBC.
The perpendicular bisects A and bisects the opposite 0P
side BC. 2 2
3\1 = AZ =30°and
- BD=DC =1 unit pos— Ll 602¢
Take a look at AABD. A
How would you calculate the length of BD? Why?
Since we have the hypotenuse, AB = 2 units, and BD = 1 unit, 30°
then the 3rd side of a right-angled triangle is calculated using 2
Pythagoras.
Using Pythagoras: g /60’ 1 o

AD? +BD? = AB?
AD? = (2)* - (1)?

AD =3 @
AD=\3
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We can now determine the trigonometric ratios (trig ratios) of 60° and 30° using
the three definitions:

. . side OPPOSITE the angle
sine®=sinB = h
ypotenuse
. side ADJACENT to the angle
cosine@=cos 0 =

hypotenuse

ide OPPOSITE th |
tangentO=tan 0= >1de °ange

side ADJACENT to the angle
In short we can use, SOHCAHTOA, to remind us of the 3 fractions:
i 60° = AD _ V3 A 300 BD_1
S|n60—AB—2 S|n3O—AB—2
o_BD_1 . o_AD_V3
cos6O—AB—2 30 cos30—AB—2
o_AD_V3 2 V3 o_BD_1 (_ V3
tan 60 =BD=1 tan 30 =AD" (—.T\{v.hen
simplified
o using a calculator)
5 /60 1 O g
60° and 30° are special angles.
There is one more special angle.
Draw isosceles right angled AEFG of side 1 unit. E
Definition: Isosceles means two sides are of equal
length.
. . . 1 unit +
.. In the diagram alongside EF = FG = 1 unit.
—I 1

How do you calculate length GE? 1 unit G

GE is the hypotenuse as it is the side opposite the right angle.
. (GE)? = (EF)? + (FG)? (Pythagoras)
=12+12
=2
. GE=v2

What is the true size of E and G?

Since E and G are opposite equal sides in an isosceles A, E=G=45°

.. We can determine the trig ratios of 45°: E

sin45°=ge=— 2 when simplified
cos45°=F8 =1

tan45°—i—1—1

Example
1.

_EF_ 1

using a calculator.

_EG_\/E 1 unit 5

“FG 1~

Simplify the following without a calculator:

sin 60°
14 Ccos 60°

.1.2 cos?30° + sin? 30°




1.1.3 cos?45° - sin%45°
2. (cos 45° + sin 45°)% # cos? 45° + sin% 45°

Explain, using special ratios, why the above statement is true. Correct the
right hand side so that “#” becomes “="

H el
S°'"t'°." ] Solution
111 Sin60 =L=§X;=\/§
e cos 60° % 2 1

\/5)2 3,1
2 o 2 o v A = —
112 cos?30°+sin?30°= +(2) =34+1=1
1.1.3 OS2 45° — sin2 45° = (%)2 ( ) =1-1=0
2. LHS (cos 45° + sin 45°)? RHS cos?45° + sin? 45°
=[5+ =[5 (5
V2 V2 V2 V2
_ 1,1
(3
_4 =1
-2
=2

.. (cos 45° + sin 45°)? # cos? 45° + sin? 45°

The RHS has a missing term: 2 cos 45° sin 45°, which is the ‘middle’ term of the
bracket squared.

.. (cos 45° + sin 45°)? = cos? 45° + 2 cos 45° sin 45° + sin? 45°

Activity 1 TP Activity

1. Simplify without a calculator:
cos 30°
11 sin 30°

1.2 sin?60° + cos? 60°

1.3 (cos 60° + sin 60°)?

2.1 Is cos? 60° + sin? 60° = cos? 45° + sin? 45°?

2.2 Is(cos 60° + sin 60°)? = (cos 45° + sin 45°)?? @ @

l["

s~
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2.3 Comment on what you notice in Question 2.1 and 2.2

Trigonometric Identities:

no
cos 0’

sin%0 + cos?0 =1

tane— cos0#0

Overview

In this lesson you will:

e Establish “Thinking Tips” on how to use the above identities.

e Use the trigonometric ratios of sine; cosine and tangent of 30°; 45° and 60°
to verify the identities.

e Use the above identities to simplify trigonometric expressions on the left
hand side (LHS) and right hand side (RHS) of an identity.

e Use the above identities to prove an identity (ie show that the LHS and
RHS of the identity can be written in the same way).

V3
Simplifying 2 sin 6%0 gives %
2

but tan 60° also equals /3.

* | cos 60°

sin 60° = tan 60°

sin 30°

Simplify 05 30° 2

sin30° _ 1

cos 30° \/§
sin 45°
cos 45°

sin 45°
and cos 45°°

. We say that

sin O
cos 0

=tan 0

equal tan 6.

gx =V3

—=|N

What do you notice?

and tan 30° also equals —

V3

=1 and tan 45° also equals 1.

and for any angle 6, the quotient of

This relationship is known as an identity.

. o_ Sin 120° . o _ Sin 65°
i tan120°= cos 120° ! tan 65 ~ cos 65°

. tan 20° =

sin 20°
cos 20°

Earlier, we simplified sin? 30° + cos? 30° and we got 1.

sm@

W|II always

; etc

Since the sum of the squares of sin 6 and cos 0 gives us 1, we form another
identity sin’ 6 + cos?0 =1

From this identity another two versions emerge:

If sin?0 + cos?0 =1

then sin?0=1-cos?0

Iso, if sin2 0 + cos? 0 =1

en cos?0=1-sin?0

. cosO=1t+v1-sin?0



Summary of identities

Quotient Identity : tan 6 = sin 6/cos 6, cos 6 # 0

Square Identity : sin0 + cos?0 =1

In terms of sin: sin?0 =1 — cos?0

In terms of cos: cos’0=1-sin%0

Many more identities exist. We will show that other identities are true by
proving that the expression on the left hand side (LHS) equals the expression
on the right hand side (RHS).We use the above two identities to prove other
identities.

Example @ Example
Prove that
cos® _ 1
1. tane+sin6—1_ cos O
2. (tanbcosBsin®_ Gnogy o529
1-cos’0
Solution < -
cos 0 Solution
1. LHS:tan 0+ 5= e Sincetan 6= é‘(')'l%, we replace tan 0
_sin® cos 0 with its fraction form.
Cf’See _ Sei” 91‘ 1 o o e Add the 2 fractions, using common
— sin®(sin 6 - ?+ €os - cos denominator of cos 6(sin 6 — 1).
cosO(sin0-1)
_ 5in20—sin 0 + cos? 0 e Look carefully at the 2 terms in the
T cosO(sinB-1) numerator: sin% 0 + cos? 0.
—_ 1-sinb These 2 terms add up to 1.
cos O (sinB-1) .
1(sinB-1) e Terms in the numerator have a
= osO(sin6-1) different sign. Take out a negative one,
o factorise and cancel.
~ " cosH
RHS:—'~ - LHS=RHS..tan 0 +-%59 —__1
cos 0 sinB -1 cos 0
2. LHS: W e tan 0 is replaced with its fraction form.
sin %_COS 0-sin ° Denomzlnato'r |§ a square identity:
= o8 1-cos’0=sin’0
1-cos?0 o
_sin20 e Divide
sin? 0 e Square Identity
=1 . .si .
- anH:-cosH:sinb ? _Ccc’gsez g'n 9 — sin20 + cos2 0
RHS: sin?0 + cos?0 =1
. LHS=RHS
8™
Activity 2 Activity
1. Show that—22Y _can be written as sin 0-cos @
1+tan’0
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RV in? . . .
2. Prove that W = sin 30° + cos 60°, without using a caluculator.

3. If k=cos A+ sin Aand p =sin A - cos A, determine k% + p? in simplest

form.

Prove that:

4.1 Z?:E +tan 3 = (sin B-cos B)!

4. 3>coszx—1+3sin2x= 1
) 2-2sin’x cos? x

1,1 2
1+cosP  1-cosP sin?f

4.3
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Angles in the Cartesian Plane

Overview
In this lesson you will:
e Define an angle in the Cartesian Plane.

e Define the words: initial ray; terminal ray; anticlockwise; quadrant angles.

e Usex;yand rto define the sine; cosine and tangent ratios in terms of the
co-ordinates of a point and the radius of a circle.

Notation: An angle can be measured in the
Cartesian Plane where the initial ray is at 0° on P(x;y)
the positive side of the x-axis and the terminal ray
rotates in an anti-clockwise direction.

Example: OP, the terminal ray rotates from 0° to
its terminal position, 8° anticlockwise.

Vocabulary: If 0 is rotated into each quadrant
then the 0

00
Terminal Ray in Quadrant | forms acute angles.
ie. 0°<0<90°

90°
Terminal Ray in Quadrant Il forms obtuse angles

ie. 90°<0<180°

Terminal Ray in Quadrant Ill forms reflex angles
180° < 0 < 270°

Terminal Ray in Quadrant IV forms reflex angles I \Y
270° < 0 < 360°
Terminal Rays at 0°%; 90° 180° 270° form Quadrant Angles. 270°

180" 0°

Note:

1. If OP rotates continuously then the path traced out by point P is that of a
circle where OP is the radius of the circle. Let’s take OP = r (radius = r)

The point P(x; y) and the radius are related through the following
equation:

xX+y?=r?
Let OP rotate 0° so that © € (0°; 90°)

2. Draw a perpendicular from P onto the x-axis. This creates right angled
AOPA. What is distance OA? PA?

. PG
OA = x units since x, = x, () @
AP =y units p

3. What are the 3 trig ratios using AOPA?

&
®

ing=AP_Y _OA_x
sin@=G5=7 cosO=5p=7 0 ..,'\
AP _Y
=== \
tan 6 OA =X ' 5
4. Terminal ray OP can rotate to any other quadrant, {
so if we have the coordinates of P we will be _/

Page 17,




5.

able to express the 3 trig ratios in terms of the
coordinates and the radius.

: y y
In ANY quadrant:sinf=3 ; cos6=% ; tanO=x

y
Example @ Example
1. P(9;-12) is a point on OP. OP rotates 6 to Quad IV.
1.1 Calculate the length of OP.
1.2 Determine the value of the 3 trig ratios,
- VAR
without a calculator. N
_sinB . .
1.3 Prgve tan 0 = cos o Ysing the 3 trig
ratios.
P(9;-12)
y
2. P(x; ) is a point on the terminal ray of
angle 6. 180° < 6 < 270°.
OP =6 units.
_-1 i
21 Ifcosb= 3 determine the value of x. 0, T
2.2 Hence calculate the value of y.
Leave answer in simplified 6
surd form.
P(x; y)
3. 5sinA-3=0and90°< A < 180°
3.1 Inwhich quadrant will the terminal ray of Alie in?
3.2  Determine cos? A without a calculator.
4, If 4 tan o + 5 =0 and o € (90°% 180°), evaluate without the use of a
calculator v41 cos o..
—— .
Solution Solution
Refer to the diagrams above
1.1 Relationship between x; yand risx*+y?=r>... (1)
. substitutex=9and y=-12into (1)
(9)2+ (-12)2 = r?
225 = ;2 Note: These ratios
@ can be simplified
15=r(r>0) further.
V.= OP is the radius .. OP is 15 units.
/ ,
‘ ing=2 =12 . _x_9 . =Yy =12
q = 2 sinB=% =3¢ ; cosb=7 =37 ; tanb=3 =5
\ 3 LHS:tan0="12
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2.1

2.2

3.1
3.2

ol5
N

-12

.sin® _ 15 _ 12 15 _

RHS'cose_ 9 =75 X9 =
15

If OP = 6 units, then r=6

If cos 6= %, that means cos 6 =% and r = 6 (given)
;. Cos0= % =%

Sox=-2
xX+y’=r2 subr=6andx=-2
s (=22 + ()2 =(6)
¥ =32
y:i\/i

As P lies in Quad Ill, y, is negative .. y_ = -4/2
90°< A< 180° means that A lies in Quadrant ll, i.e. A is obtuse

With the above information, we can draw the terminal ray of AinQuad i
and fill in that the radius = 5 and a y-value = 3, because 5sinA-3=0

;5ﬂnA=3;ﬂnA=%=X
~

We can calculate the x-value by using y
xX+y’=rr - x*=25-9=16
Sox=14
(x;3)
5
But terminal ray lies in
Quad Il .. xis negative N\A X
Sox=-4
cos? A =(3)? y
_ (4
=(-3)
=16 (-4;3)
25
5
A
A ;
tan oc:%and o €(90°% 180°) y
X+y’=r (4P + (5=
16+25=12 (-4;3)
VAl =r L
< V41 cos o= /41 - (3) N\ i
— e
= VAT () =4 @

gt @ o
Note:tan === =-7

All mean the same! .,
; — , . . N\
Since the angle is in Quad Il, the x-value is negative and .. tan a. = _5—4 is s\
the fraction which we will use in order to make sure that the x-value is — AC

. . o »
negative and the y-value is positive. ‘/
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Reduction formulae

Overview
In this lesson you will:

e Investigate the relationship between the trigonometric ratios of angles
larger than 90° and the trigonometric ratios of acute angles.

e Use a calculator to fill in tables and make conclusions from the
observations.

e Define the trigonometric ratios for angles in quadrant Il; Ill; IV and angles
larger than 360°.

e Establish a “4- question” approach to reducing a trigonometric ratio as an
acute angle.

e Simplify expressions and prove identities using reduction formulae.
e Establish the “Co-Co” Rule for Co-functions.
e Define a NEGATIVE ANGLE and CO-TERMINAL ANGLES.

1. What is the connection between 150° and 30°?
150° is the difference between 180° and 30°, ie 150° = 180° - 30°

150° has its terminal ray in Quad Il.

ALL ANGLES IN QUAD Il can be written as 180° - ACUTE ANGLE

For example: 120°=180° - 60° 170°=180°-10°
135°=180°-45° 100° = 180° - 80°, etc.
In general, we say Quad Il angle = 180° - 6, where 0 is the ACUTE angle.
2. 240° is the sum of 180° and 60° i.e. 180° + 60° = 240°
240° has its terminal ray in Quad I

All angles in Quad Ill can be written as 180° + ACUTE ANGLE

For example: 210°=180° + 30° 250°=180°+70°
225°=180° +45° 200° = 180° + 20°, etc.
In general, we say Quad lll angle = 180° + 6, where 6 is the ACUTE angle.
3. What is the connection between 315° and 45°?7
315°is the difference between 360° and 45°, ie 315° = 360° - 45°
315° has its terminal ray in Quad IV.

ALL ANGLES IN QUAD IV can be written as 360° — ACUTE ANGLE

For example: 300°=360° - 60° 280° = 360° - 80°
330°=360°-30° 350°=360° - 10°, etc.
In general, we say Quad IV angle = 360° - 6, where 0 is the ACUTE angle.



Signs and Formulae (0 represents acute angle)

QUAD I 90° Terminal ray OP is in Quad Il

. .. obtuse angle is 180° -6
sin (180°-0) =sin 0
Nso" -0 cos (180° - 0) = -cos 0
180° 0 0° tan (180° - 0) = -tan 0
QUAD I 90° Terminal ray OP is in Quad Ill
. reflex angle XOP = 180° + 0
sin (180°+0) =—sin ©
180”/9\ cos (180°+ 0) =-cos 6
180° P . tan (180°+0) =tan O
p
270°
QUAD IV 90° Terminal ray OP is in Quad IV
. reflex angle XOP =360°-0
cos (360°-0) =cos O
/\3600 _o sin (360° - 0) =-sin 6
180° Q X tan (360° - 0) =-tan 0

270°

The formulae in the 3 boxes above are known as reduction formulae. We have
been able to write the trig ratio of a large angle in terms of a trig ratio of an
acute angle.

To help remembering the signs: remember the ratio which is positive in each
quadrant

A = All, since all 3 trig

ratios are positive in
the first quadrant.
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Trig ratios of angles larger than 360°

[ o R o o To take an angle back into one
sin 780° = sin(2 x 360° + 60°) = sin 60 of the first 4 quadrants we
cos 1 200° = cos(3 x 360° + 120°) = cos 120° simply add or subtract multiples
sin 600° = sin(360° + 240°) = sin 240° of 360°.

tan 1 380° = tan(3 x 360° + 300°) = tan 300°

tan (k-360° + o) = tan o
where ke IN;

In general sin (k-360° + o) = sin o
o € (0% 360°

cos(k-360° + o) = cos o

Example @ Example 1
1. Reduce sin 160° to the sine of an acute angle:
sign Which quad is 160° in?

sin 160° ?

uestion (1.2
How much q (1.2

is 0 if we
need to

get 1607 Which formula do we use to

find the acute angle?

This flow diagram will help you to obtain the correct solution by asking
you 4 specific questions.

oe .
Solution Solution
5D 11 160°isin Quad Il.

1.2 In Quad Il we always use 180° -6
1.3 180°-20°=160° ..0=20°
14 sin160°>0

Now we can write: sin 160° = sin (180° — 20°) = sin 20°

<« 21

L




Example 2

Reduce cos 220° to an acute angle:
Which quad is 220° in?

sign
€0s 220°?

uestion (2.2
How much q 2

is 0 if we
need to

get 2207 Which formula do we use to

find the acute angle?
Solution

2.1 220°%isin Quad llI

2.2 InQuad Il we always use 180° + 6

23 180°+40°=220° ..0=40°

24 co0s220°<0

Now we can write: cos 220° = cos (180° + 40°) = — cos 40°

Example 3

Reduce cos 1 230° to an acute angle.

1 230°is larger than 360°. Here we must first write 1 230° as £:360° + c.
What is k? What is o?

Solution

1230°=3(360°) + 150°.  Easy way is take away 360° from the given angle until
you reach an angle between 0° and 360°.

.. cos 1230°=cos [3(360°) + 150°] = cos 150° = cos (180° — 30°) = - cos 30°

Activity 3

Remember to ask yourself the 4 questions which appear in the worked
examples.

1. Reduce to a trig ratio of an acute angle:
1.1 sin 320°
1.2 cos 140°
1.3 tan310°
14  sin 640°

@ Example

ol
Solution

@ Example

o
Solution

ﬁ‘Activity

s~
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2. Simplify without using a calculator.

21 tan 140°.cos 320°
! sin 220°

2.2  tan?300°

tan 135° P o
23 GnT50°+ cos300° T 05”240

3. If sin 16° = k, determine the following in terms of .
3.1  sin344°
3.2  sin196°
33 sin164°
34 sin376°
35 sin736°
36 cos16°
3.7 tan16°
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Example @ Example

e In which quadrant will each of the
1 Simplify to 1 trig rati angles be found?
. implify to 1 trig ratio: . L.
sin (180° + 0)-sin (360° - 0) 180°+61is in Quad Il
sin (180° - 0)-tan (180° - 6) 360°-0isin Quad IV
_—=sinB-(-sin0) o Nici
= e Cano) 180° -0 isin Quadll
o o e Find the sign of each trig ratio:
=sinf=(-tan®) sin (180° + 6) = - sin 0
s sin@+—3nb sin (360° - 0) = — sin O
cos 0
sin (180°-0) =sin O
=sin6x_c.&ee=—cose
sin tan (180°-0)=-tan 0
e Substitute each reduction formula into
the fraction.
e Use brackets to avoid confusion with
operations.
_sinB .
e tan0O= 05 0 (Identity)
2. For which value(s) of k is k2 + sin 120°.cos 1 110° = < (180° + 6)

180°-6
2 Cos(180°+0) sin 120°.cos 1 110° “ )
" cos (180°-0) )

k2 =258 _[sin (180° - 60°).cos (3 x 360° + 30°)]
k?=1 - (sin 60°.cos 30°)

o2

¥ Special ratios
3

K=1- 7
_1 4]
KR=q k=1l
Activity 4 P Activity
. oo sin (180° - x)-tan (360° - x)
1. Simplify: 360+ xsin (360° —)
2. Prove that: ! + ! =_2

1-cos(180°-x) ' 1-cos(360°—x)  sin?x

3 Simplify: tan (180° - B)-sin (18(1°+B)—cos(180°+[3) @
cos (360° - f3) @
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4, Prove that:

[cos (360° — A)][cos (360° + A) + sin (180° + A)-tan (180° + A)]
=2cos?(180°+A) -1

RECAP: Reduction Formula
So far we have worked with 2 concepts:

1. If an angle, 6, rotated in an anti-clockwise direction has a terminal ray OP
and OP = r with P(x; y) then sin 6:¥ ; cosO=% ; andtan 6:§

2. Angles occur in 4 quadrants, and the trig ratios of these angles can be
written as a ratio of an acute angle, 6. Remember that all angles in the
first quadrant are already acute angles.

180°+ 60

180°- 0 /e /_ eJ
\

360°-0 7

-
N

sin (180°-0) =sin O sin (180°+0) =-sin O sin (360°-0) =-sin 6
cos (180°-0) =-cos O cos (180°+0) =-cos O cos (360°-0) =cos O
tan (180°-0)=-tan 6 tan (180° + 0) =tan 6 tan (360°-0)=-tan 0

There are 3 more formulae

1. Use the calculator to complete the table below: (round off to 1 dec place).
sine60°=0,9 cosine 30°=0,9
sine30°=...... cosine60°=......
sine10°=...... cosine 80°=......
sine20°=...... cosine70°=......
@ sine65°=...... cosine25°=......
@ 1.1 What do you notice?

1.2 Canyou predict which trig ratio will equal sin 67




Solution

1.1 We notice that the 2 trig ratios in the same row are EQUAL. The one ratio
is a ‘sine’-ratio and the other one a ‘cosine’-ratio. In each row, the sum of
the 2 angles is 90° (ie complementary).

1.2 With the above observation we can predict that
2 functions are co-functions
sine O = cosine (90° - 0)
2 angles are complementary
We say this is the “Co-Co” Rule:
e sin 0 =cos (90°-0)
e Cos0=sin(90°-0)
Example

Without a calculator, express each ratio as a ratio of 20°

1. sin 70° 2. cos 70°
3. sin 110° 4, sin 250°
5. sin 290° 6. sin 380°
Solution

1. sin 70° = cos (90° - 20°) = cos 20°

2. cos 70° = sin (90° - 20°) = sin 20°
3. sin 110° =sin (180° - 70°) = sin 70° = cos 20°
4, sin 250° = sin (180° + 70°) = — sin 70° = - cos 20°
5. sin 290° = sin (360° - 70°) = — sin 70° = —cos 20°
6. cos 430° = cos (360° + 70°) = cos 70° = sin 20°
Activity 5
. . e €0S 250°tan 315°
1. Without a calculator simplify: a0t
2. If sin 80° = g, express each of the following in terms of a
2.1 cos 10°
2.2 cos 190°
23  sin10°

24  cos350° / N X
)

\3
25 cos530° /

ol
Solution

@ Example

P
Solution
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26 sin 280°

Note that: sin (90° + 0) = cos© AND cos(90° + 0) = —sin©

Negative angles
90°
1. Definition of a negative angle:
An angle rotated in a clockwise
direction has rotated in the opposite
direction to the positive angle (anti-  180° 5 0°
clockwise).

.. The negative sign indicates direction
only. - 0 has its terminal ray in Quad IV,
if O is acute

270°

2.1 Each negative angle will have a positive
angle which shares the same terminal
ray OP. When 2 angles share a terminal 300°
ray, we call them coterminal angles. N
. —60° and 300° are coterminal £’s, since N/~ 60°
they share OP.

2.2 -120°and 240° are coterminal £’s.
sin (~120°) =>¢
sin (240°) = 2¢ 240°
°)

. sin (=120°) = sin 240° J
£120°

P(x;y)

23  -240°and 120° are coterminal £’s. R(x;y)
cos 120° == r
cos (—240°) =% \120°
.~ €0s 120° = cos (—-240°) K /

@ N

v . Trig Ratios of Coterminal Angles are EQUAL.




2.5 Let OP rotate 6° (0 acute) where x >0and y > 0.

Let OP'rotate —-0°. Using the definitions of the trig ratios:

P(x; y) sin 6 =¥ sin (-0) =_—ry
. cos 0 =7 cos (-6) = %
tan Gz)y—c tan (—6):%
0
0 -0
;
P (x; -y)

From the above table we can draw the summary:

sin (-0) =-sin 6
cos (-0) =cos 6

tan (-0) =-tan 6

Example

1. Simplify: sin (-0) +
-sin®
=-sin0O

2. Simplify: cos (-9) -

=cos 9 -

sin (180° + 0)

-sin©

cos (180° + 0)
(- cos 0)

=2cosO+3cosO=5cosO

+ cos (90° - 0)

+ sin O

@ Example

+ 3sin (90°-0)

+ 3cosH

ﬁActivity

Activity 6
. .c€0s (90° - x)-tan (360° — x)-sin (—x)
1. Slmpllfy. cos (90° + x)-sin (90° + x)-tan (—x)
‘cos(90°—x)_ o Ly .
2. Prove: SN 90T 0 3 cos (360° — x)-tan (—x) =tan x + 3 sin x
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Trig equations

Overview
In this lesson you will:

e Use trigonometric graphs to solve sin 6 = p; cos 6 = p; tan 6 = p.
e Define “general solutions”

e Use a calculator to solve equations

e solve trigonometric equations in a given domain

Pay attention to notation: General solution is always written with infinite
periods: “k:360°”, etc. where ke Z

In the last section we have seen that sin 30° = sin 150° = sin (390°) = sin (510°)
=sin (-210°) =0,5.

This shows that there are an infinite number of angles which give the same trig
ratio.

In this section we will be solving a trig equation: which simply means that
we would like to find ALL the possible angles, 6, for a given trig ratio.

If we use the above example: let’s say sin 6 = 0,5, what is 67
0=30°0r0=150°0r0=390°0r0=510°0r 6=-210°0r6=-330°0r0 =... etc.

We will be finding a way of writing all the angles in a “compact version”, instead
of listing the infinite possibilities (this is tedious and takes forever)

Trig equations involving the “sin” -ratio

To help us develop the “compact version” of expressing all the angles for a
specific trig ratio, we will start by looking at the graph of y = sin 6:

y

1

. .V — 0;5, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
J E m ) A K m . /IC/

720° -630° |54Q° -450° —360° -270° 118Q° -90° | o0s 18 270° 3601 450° 54 630° 740
= =) 30° ey
1

30° - 2(360
30° - 36

One of the features of the sine graph is its period. The period of the sine graph is
360°, which means that e sine of all angles 360° apart will have the same value.

Place your finger on the dot on the curve. Trace your way to the next dot. How
many degrees have you moved?

Keep tracing the path with your finger to the various dots. How many degrees
do you move from dot to dot?

If the dot at A represents 30°, then moving 360° to the right means that the
@ angle at B =30° + 360°, and moving a furter 360° to the right means the angle at
C=30°+ 2(360°). Moving 360° to the left means that the angle at M = 30° - 360°,
', and moving a further 360° to the left means that the angle at N = 30° - 2(360°).

e are beginning to see a pattern emerge: If we know 1 angle, then the rest can
e calculated by adding multiples of 360° (both positive and negative). In maths
we write this as k:360° where ke Zie.ke {... -3;-2;-1;0;1;2; ...}

r~ L

g




In general we say that if sin 6 = 0,5 then 6 = 30° + k-:360° where k€ Z

BUT have we found ALL the angles? NO! Look on your graph — We have not yet
found the angles at K; L; M and N.

If we know that the angle at A = 30° can we calculate the size of K? Yes. The
angle at K=180°-30° = 150°.

. At K: 6 = 150° which means that using the periodicity of the graph we can
calculate the rest of the angles.

AtL: 6=150°+360°=510°

AtD: 6=150°-360°=-210°

AtE: 6=150°-2(360°) =-570°

. In general 6 = 150° + k-:360° where k € Z.

All the dots and stars represent all the angles where sin 6 =0,5.
The GENERAL SOLUTION will be the set of all the dots and stars.

ie. If sin ©=0,5 then the general solution is:
6 =30°+ k-360° OR 6 = (180° — 30°) + k-360° where ke Z
0 =150° + k-360°

How do we find the 1*tangle? i.e. How did we find that at A: 6 = 30°?

USE A CALCULATOR! Enter [sin™" (0,5)] on your calculator, which will display an
answer of 30°.

The calculator will only give you |1 ANGLE | We have to calculate the rest of the
angles using the general solution.

stands for the angle given by the calculator.

In general: If sin O =k then
0 = calc £+ k-360° or 6 = (180° - calc £) + k360°, ke Z

Example Example

€3

1. Find the general solutions to:

1.1 sin6=0,17

1.2 sin6=-0,5

2. Solve for 6 if¥ =-0,4and 0 € (-180° 180°)

Write down the formulae for the General Solutions:
0 = calc £+ k360° or Y
0 =180° - calc £ + k-360°, k € Z Solution
1.1 sin6=0,17 Use calc to find the angle [sin™' (0,17)]

0=9,8°+k-360°0r 6 =180°-9,78...°+ k-360°% ke Z

=170,2° 4+ k-360° @

. 0=98°+k360°0r0=170,2°+k360°% ke Z
1.2 sinB=-0,5 @

- 0 =calc £+ k360°or 0 =(180°-calc X) + k360° ke Z "y,
;. 0=-30°+k360° 0 =(180° - (-30°) + k-360°
- 0=-30°+ k-360° or 0=210°+ k-360°

Solution

N\

\~s

\
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2. ¥ =-0,4 means that sin 6 =-0,8

-..sin6=-0,8
- 0=calc £ + k-360° or 0 =(180°-calc L) + k360°, ke Z
.. 0=-53,13...°+ k-360° 6 =(180°-(-53,13...9) + k-360°

0 =233,1...° + k-360°
BUT in this question we are given a domain: 6 € (-180° 180°)

. we only want the angles which fall between -180° and 180°.

If0=-53,13...° + k-360° or 0=233,1...°4+ k360°
then 6=-53,1°ifk=0 0=233,1°ifk=0
0=306,9°ifk=1 0=593,1°ifk=1
0=-413,1°ifk=-1 0=-126,9%if k=-1
etc. etc.

FROM THE ABOVE SOLUTIONS WE CAN SEE THAT:
ONLY 6 =-53,1°and 6 =-126,9° fall in the domain (-180° 180°)
Solution set: 6 =-53,1° or 6 = -126,9°

Activity ‘ﬁ‘ Activity 7
1. Find the general solution if sin 6 = -0,625

2. Find the values of 0 if sin 6 = 0,328 and 6 € [-360°; 180°]

Trig equations involving the “cos”-ratio
We noticed earlier that:
cos (60°) = cos (300°) = cos (420°) = cos (660°) = cos (-60°) = cos (-300°) = 0,5

There are an infinite number of angles which give the same trig ratio. We would
like to develop the general solution for cos 6 = 0,5. How do we find ALL the
angles which give cos 6 = 0,57

Let us begin by sketching the graph of y = cos 6.

® |

P N A Y
N , K A , L, , M, ,

m

R ‘ _ D
-720° }63Q° -540° —450° -360° J27QC -180° 90° lok 180° 20" 360° Wsdc 5400 6B0°  720°
2 ) 3 60° 5
> 1 ™
t +
=)
O

60°-3
60° + 2(360°)—1<

N
60° - 2(360

r~ L

g

Page 192 -



From the graph we see that,

The GENERAL SOLUTION for the “dots” and “stars” is:

If cos ©=0,5 then
0 =60°+ k-360° OR 0 = -60° + k-360° where k€ Z

Lets recap. How did we find the 1°tangle at A? How do we know that at A,
0 =607

USE A CALCULATOR! Enter [cos™'(0,5)] on your calculator, which will display an
answer of 60°.

The calculator will only give you | 1 ANGLE | for the 1 part of the general
solution. For the 2" part of the general solution we use the additive inverse.

— stands for the angle given by the calculator.

In general: If cos 6 =k then
0=calc £+ k360°0r0 = - (calc L) + k-360° ke Z

Example @ Example

1. Find the general solution to

1.1 cos0=0,17

1.2 cos0=-05

2. Solve for 0 if 2cos 6= 1,8 and 6 €(-360°; 0°)

3. Find the general solution if cos(2x + 30°) = 0,17

1.1 cos©6=0,17 e Write down the formula for the general
lution. 0 = calc £ + k-360°
0 = 80,2° + k-360° 50
or 0 =—(cal £) + k-360° whereke Z

or e Use the calculator to find (cal £)
0=-80,2°+k360% ke Z i.e.cos(0,17)
1.2 cos6=-0,5
5.0=120° + k-360° or 0=-120°+k360%keZ
2. 2cosH=1,8
.cos0=0,9
.. 0=258°+k-360° or 0=-258°+k360°%keZ

BUT we are asked to find 6 in the given domain (-360°; 0°), so now we
will have to substitute values of k which will give angles in the interval
(-360° 0°).

lfk=0 6=258° orf=-258°

Ifk=1 6=3858° orH=334,2° @
If k=-1 6 =-334,2° or6=-3858°
We can easily see that only 2 angles satisfy the given interval: @

Solution set: © =-25,8° or 0 = -334,2°

3. cos(2x +30°) =0,17 N \
. 2x+30°=80,2° + k-360° or  2x+30°=-80,2°+k360%keZ ‘ :
2x=50,2° + k-360° 2x=-110,2° + k-360° _/
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x=25,1°+k180° x=-55,1°+k-180°

Activity ﬁ‘ Activity 8
1. Find the general solution if cos 6 =-0,625

2.. Solve for 0 if cos 6 =0,82 and 6 € (-90°; 360°)

Trig equations involving the “tan” -ratio

We noted earlier that

tan 45° =tan 225° = tan 405° = tan 585° =tan(-315°) =tan(-135°) =1
There are an infinite number of angles which give the same trig ratio.
We would now like to find the general solution for tan 6 = 1.

How do we find all the angles which give tan 6 =17

Let us begin by sketching the graph of y =tan 6.

y

E ; , D B C

| | |
| | |
| | |
| | |
| | |
| | |
| | |
360° 2700 80° —9?“ 9§)° ' 80° 27"o° ' 60°
| | |
| | |
| | |
| | |
| | |
| | |
| | |

The above graph represents y = tan 6.
This graph is completely different from the sine and cos graphs.
The graph is DISCONTINUOQUS. It has ASYMPTOTES every 180°.

The vertical lines at 6 =90°% 6 = -90°% 6 = 270° and 6 = -270° are asymptotes. The
tan curve approaches the asymptotes but never crosses the asymptotes.

Since the asymptotes repeat themselves every 180°, we can see that the tan
curve has a PERIOD OF 180°.

Sincetan 6 =1, then at A, 6 =45°
If we move 180° to the right then at B, 6 = 45° + 180°, and
@ if we move a further 180° to the right, then at C, 6 = 45° + 2(180°).

If we move 180° to the left then at D, 0 = 45° - 180°, and
if we move a further 180° to the left, then at E, 0 = 45° — 2(180°).

<« 2N

he pattern which emerges is that if we want to find the angles represented by
e ‘dots’ we add multiples of 180° to 45°.

L

g

In general we say that if tan 0 = 1, then =45° + k-180° where ke Z




The above formula finds all the angles, so therefore the above formula is the
solution.

Lets recap. How do we find the 15* angle at A? How do we know that at A, 6 =
45°7

Use a calculator! Enter [tan'(1)] on your calculator, which will display an answer
of 45°,

— stands for the calculator angle.

In generaliftan 6 =p
then®=calc £ +k180°% ke Z

Example @ Example

1. Find the general solution to:

1.1 tan©6=5,17

1.2 tan6=-1

2. Solve for O if tan 6 +2 =9,5and 6 €(-180°; 180°)

Solution = .
Write down the formula for the Solution
11 tan0=5,17 general solution 6 = calc £ + k-180°
Use the calculator to find the
0= 79,1°+k-180°,k€ Z ang|e [tan_‘l (5[‘] 7)]

1.2 tanf=-1

0=calc £ +k180°60=-45°+k180° ke Z
2. tan0+2=95

tan6="7,5

0=82,4°+k180% ke Z

if k=0then 6 =82,4°

if k=-1then 6 =-97,6°

Set:6 =824 or 6 =-97,6°

Activity 9 P Activity

1. Find the general solution for each equation:
1.1 sin6=-0,21

1.2 cos%:3,21 @
1.3 cos % =-0,21 @ @

14 tan (0 + 30°) = 20,21 /-u.\
» \
84
15 4+tang=—2,12 \‘/
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Example %

2. If 6 € (-360°; 180°), find 6 if 2cos (6 — 20) = 0,632

3. -5tan 0 =-5,05 find 0 if 6 € (-90° 360°)

Sine; cosine and area rules

Overview
In this lesson you will:

e Learn how to calculate the sides and angles in a non right angled A

Learn about the “ambiguous” case of the sine rule

Use a calculator to solve triangles

Use angles of depression and elevation to solve problems in 2-dimensions.

How to find the sides and angles of a non-right angled A.

In any triangle, the sine rule is a set of 3 equivalent fractions (with side opposite
the angle).

KM _ LM _ KL

sinL~ sinK™ sinM

sinL _sinK _ sinM

KM — LM ~— KL

i.e. K

or

L

The sine rule is very useful to calculate an angle or a side of a triangle when the
given information has a side and an angle opposite each other.

Example
Solve APQR where P =116 Q =21°and PR= 16,4

16,4



QR _ PR
sinP  sinQ
QR _ 164
sin 116° ~ sin 21°
_ (16,4)sin 116°
QR= sin 21°

QR =41,1 (rounded off to 1 decimal place)

Always draw a diagram

Look at the position of the given
information: side PR is opposite

Q.Pis opposite QR.

Since we don’t know how long
QR is we can use the sine rule

Substitute the given values
Use a calculator to find QR

Solve APQR, means that we must find all the unknown angles and sides of the

given A.

A

R=180°-(116°+21°) =43°

(£ sumin A is 180°)

Side PQ is opposite ﬁ, so we can use the sine rule to find PQ:

PQ _ PR
sinR ™~ sinQ

- Sin43°  sin21°
. _ 16,4 (sin 43°)
-.PQ= sin 21°

-.PQ=31,2

Activity 10

Draw a diagram for each question:

1. In AABC, B =63%C=37°and AC = 35. Solve AABC.

2. In APQR,Q =75°%R =42°and QR = 35. Solve APQR.

® o
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Special case

Accurately draw AABC with A= 30%AB=7cmand BC=4cm

30°
A C c

AABC and AABC' both have the given dimensions.

This situation arises because the side opposite the angle is the shorter of the
two given sides. In other words, if AABC had A= 30%AB=4cmand BC=7cm,
then we would only get 1 triangle, because BC is opposite the given angle but it
is longer than AB.

We say that when 2 triangles exist from the same given information that the
situation is ambiguous.

Lets solve both triangles.

B
1/2
1 4 N
30° 1/2 N2
A C c
Asmc{_ﬂnA .
In AABC; B - 4 (Sine Rule)
Lo + (sin 30°)(7)
sosinG =—7——
=0,875
¢ =61,0°
Since ABCC' isisoceles: BC=BC'=4
C,=C=61°
61 =119° (adj. £° on str. line AC)
In AABC: B, +B,=89° (£ sumin a) - —AC - _BC_
4 sin (B, +B) sin30
1T — . cl o
AC' = sn3o° SN 89
AC’= 8 units

In AABC: B, =31°(Lsumin o) - -AC = _BC

' sin B1 sin 30°
—_ 4 °
AC = <in 30° sin31

AC =4,1 units




COSINE RULE

The Cosine Rule: A
a’=b*+c?>-2bc cos A

b*=a?+ c?-2ac cos B

c b
c>=a*+b?-2ab cos C
B C
a
This rule is useful when:
1. We are given SAS: 2 sides adjacent to an angle and we want to find the 3
side.
2. We are given SSS: 3 sides of a A and we want to find an angle.
For example:
1. A If AB=BC =2 and B =60° then
AC? = AB*+ BC?>-2AB-BC-cos B
, AC?=(2)>+ (2)* - 2(2)(2)-cos 60°
SAC=4
SCAC=2
g 00" c . .
2 We always solve for the side opposite the
given angle when we have SAS.
2. A If AB =BC=AC=2and we want to
calculate the size of A, then BC? = AB? + AC?
- 2AB-AC-cos A
2 2 (22=(2)*+(2)*-2(2)(2)-cos A
4-4-4 _
——g —Cos A
B : C +% =cos A
cA=60°

When we are given 3 sides we can solve for any of the 3 angles. The angle
that we find is always opposite the side that appears first in the formula.

Example @ Example

1. Find the largest angle in AABC where AB=8,BC=7,and AC=12

The largest angle will be opposite the largest side, and the smallest angle

will be opposite the smallest side. @
B

Bis opposite side AC, therefore Bis the
largest angle. @
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Since we have been given 3 sides, we can use the cosine rule to find B.
.. AC?>= AB?+ BC?-2AB-BC-cosB

(12)2=(8)>+ (7)* - 2(8)(7)cos B
122-8-7
-2(8)(7)
31
-112

Since cos B is a negative ratio, this means that B is obtuse (in the
2" quad)

=cosB

=cosB

..B=106,1°

Find the 3" side of APQRif q=4,38,r=5,21
and P =65,3°

Since we have been given SIDE; ANGLE; SIDE
(SAS), we can use the Cosine Rule as follows:

QR?=PQ? + PR?- 2PQ-PR cos P

QR?=(5,21)* + (4,38)* - 2(5,21)(4,38) cos 65,3°
. QR?2=27,25...

.. QR =5,2 (correct to 1 decimal place)

Activity ‘ﬁ‘ Activity 11

Solve the following triangles
1. AABC where AB =80; BC=90 and AC= 100

2. AKLM where K=132° KL =5and KM = 7

L
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THE AREA RULE

A In any triangle ABC:
area = % absin C

1 .

==bcsin A
% In order to find the

=5acsinB area using this rule,

we must be given SAS.

N

B

Example @ Example

Determine the area of AKLM in which k=5,3,¢=7,8 and M = 125°
K

Draw a diagram

Since we have SAS, Area AKLM = % ML-MK:sin M
= %(5,3)(7,8) sin 125°

= 16,9 sq units (correct to 1 decimal place)

Solving problems in 2 dimensions

Angles of elevation and depression

_______ horizontal _______ The angle of elevation is the angle between
angle of depression \Q -7 the horizontal and the line of sight when
-q}“// looking up.
\ 7
\.\(}e,‘"‘/ - The angle of depression is the angle between
-7 the horizontal and the line of sight when

looking down.

horizontal

Example @ Example

A boat is sailing directly towards the foot of a cliff.

The angle of elevation of a point on the top of the cliff, and directly ahead of the
boat, increases from 9° to 13° as the boat sails 120 m towards the cliff.

Find:
1. the original distance from the boat to the point on the top of the cliff.
2. the height of the cliff. @

A A is the top of the cliff. @

’ Cis the boat at original position. @
B is the boat’s new position. \J N
We need to find AC.
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1. IA1 =4° (eXt Z of A: 6 + A1 = éz) ; §1 =167° (Str. 4) Once you have calculated
Using the Sine Rule in AABC: A = _BC these angles, ‘draw’ them
AC  _ 120 SIS, SINA, into your diagram.

" Sin167°  sin4°
AC=357,7 metres (correct to 1 decimal place)

2. In AADC
AD _ .. o
A—C—Sln 9

..AD = 386,9766499-sin 9°

=60,5m (correct to 1 decimal place)

Example @ Example

2. The side of a triangular field AB, of length 100 m, lies in a direction north-
west of A.

From A, the corner Cis in a direction S30°W and from B, C is a direction
S15°E.

Find:
2.1  Distance fromAto C
2.2 DistancefromBtoC
2.3 Area of the field

| I

BN ase N e NWmeansA,=45°
! e S30°W means move
5° 100 30° West of South
e NSIWE
TN ® S15°E means move
60"/ : 15° East of South
30° @1 =15°
e BE'|WE
.B,=45°
C
S
& .
Solution So'““?" A
50 21 B,=30°(B,+B,+B,=90°)
A,+A,=105°
C =45° (£ sumin A)
In AABC, we use the Sine Rule: Siﬁ% = SI/EBC
2
. _AC _ 100
@ ©°sin30° " sin45°
AC=70,7 metres (correct to 1 decimal place)
@ 2.2 Using Cosine Rule: Note: It is possible to find
) BC*>=AB’ + AC*> - 2AB-ACsin(A, + A)) the length of BC using the
4 BC2= 100 + (70,7)? - 2(100)(70,7) sin(105%) (e rule.

r~ L

BC = 36,6 metres (correct to 1 decimal place)

Area = % (100)(70,7) sin 105° = 3414,5 m? (correct to 1 decimal place)

g




1.

Activity 12 ﬁt Activity
From a point P, on top
of a building, the angle |‘ 1
of elevation to the top

of a Vodacom Tower 25 b
is 24° and the angle of 2™ 19°
depression to the foot of
the tower is 19°.

If the height of the tower 19°
is 28 m, how far is the

building from the tower,

if they lie in the same

horizontal plane.

A man stands on one bank of a river and finds that the angle of
elevation of the top of a tree on the other bank is 18,3°. If he moves

45 m backwards in line with his first position and the tree, he finds that
the angle of elevation is now 13,7°. Calculate the height of the tree and
the width of the river (to the nearest metre).
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From an observation point A, two points Band C are
in the directions N32°E and S40°E respectively. They
are 4,5 km and 5,6 km from A respectively.

Calculate
a) the distance BC
by C

(@) Area AABC

Activity tﬁt Activity 13

1. PERFORMING ROUTINE PROCEDURES
1.1 Ifsin 19° =1t, determine in terms of ¢
1.1.1 sin161°

1.1.2 cos71°

1.1.3 sin 341°

1.14 cos19°

1.1.5 tan71°

1.2 Simplify without a calculator
cos 135°-tan60°-sin315°
cos 300°

. oo sin 80°-sin (360 — x)-sin(-x)
@ 1.3 Slmpllfy. cos (90° - x)-cos (360° + x)-tan (180° — x)-cos 10°

sin B cosP
ey +cosB  sinB " sinP
4 1.5  Give the general solution for A if:

* 5.1 tanA=-0,758
\ 152 cosA+0,32=1
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1.5.3 sin2A=0,72
2. PERFORMING COMPLEX PROCEDURES
2.1 Simplify without a calculator:
2.1.1 2tan? (-30°) - 3 cos 300° - 2sin? (-1035?)
. o, o_ 1 . o, —57°
2.1.2 sin 303%-cos 213° - ——5=5"C0s 33 cos(-57°)

2.2 Prove the following Identities:

221 (tanA+ 1)(ta;A + 1) =— A‘CosA +2
222 cos (-A) n 1-sin(180°+A) 2

1+sinA cos A “cosA

14+sin(-0) [ 1 2
1-sin(180°+0) (cosG_tan 6)

1 1 . 1 - i
224 [sin(— o T costiso T e)] + [tan 0 _tan(—G——180°)] =-cos0-sin0O

2.3 Solve for B if

5cos (22[3—30 ) 0,945

3. PROBLEM SOLVING

3.1  From the top of a tower 95 m high, the angle of elevation of a hill is 24,3°.
From the foot of the tower the angle of elevation is 32,8°. Calculate, to
the nearest metre, the height of the hill.

2.2.3

3.2  Ata particular moment the angles of depression from an aeroplane to
two towns, (A & B) directly north of the aeroplane are 47,6° and 23,4°
respectively. Calculate the distance between the 2 towns (in kilometres) if
the aeroplane is flying at a height of 3 520 metres.

| O
3520 m
C
Solutions
Activity 1
V3
cos30°_7_@ 2 _
1 3= 1°-32 x3=V3

P o o _ 3)? 1\2 _ 3
1.2 sin?60° + cos? 60 —(—) +(§) =7+

2
2
o ; o2 _ (1 _1,2V3 3 _ 2V3
1.3  (cos 60 +S|n60)_(2+ )_4+ ) +4_1+ 7}
_4+2/3
T4

2.1 cos260°+sin260° =1 @ @

sin?45° + cos?45° =1

.. Both expressions equal 1. N .
. €0s260° + sin? 60° = sin? 45° + cos2 45° ‘ )
22 (cos60°+sin 6072 =1 +223 _/
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(cos 45° + sin 45°)2 =2
.. The expressions equal different values.
*. (cos 60° + sin 60°)2 # (cos 45° + sin 45°)?

2.3 The sum of the squares of each ratio is not the same as the sum of the
ratios squared.

Activity 2
1 ] :a;gz 0= zg;% + [ zg;% Write the division in a horizontal format
and use BRACKETS around the divisor.
H 2 in2
=5in® . cos"O+sin"B Write the divisor as 1 FRACTION.
cos O cos’0
=5in0 . €0s*0 _ gin 9. cos O
“cos0 1
sin 6 \/T
cos 'Y 1
2. LHS: T ano RHS: >+5
_sinB 1
T cos6 CosexS|n6
=1

Both expressions equal one.
o, @OV =sin?0 Gy 300 4 o5 60°

- sing
3. k=cosA+sinA p=sinA-cosA
- k*=(cos A + sin A)? p?=(sin A - cos A)?

S k*=cos*?A+2sinAcosA+sin?A p*=sin? A-2sin Acos A+ cos?A
s k*=cos? A+sin?A+2sinAcosA  p*=sin? A+ cos?’ A-2sin Acos A

S k+pP=1+2sinAcosA+1-2sinAcosA

=2
4.1 cos B sin B . . B

LHS: = B o5 RHS:  (sin B-cos B)

cos? 3 +sin? 3 _ 1

" sinBcosP ~ sinBcos P

_ 1

“ sinBcos B

. LHS =RHS
: (:SE + tan B = (sin B-cos B)

4. LHS: 3cos?x+3sinfx-1 RHS:

2-2sin’x cos2
_ 3(cos?x+sin?x) - 1

= 2(1 - sin? )
=2 =1 __RHS
2 (cos? x) cos2

1-cosP+1+cosp

1+cosB+1—cosB_sin26

@ 43 LHs: (1 +cosB)(1 -cosP) RHS: sm2 B
__ 2
oo 2t 1-cos?f}
/ / _ 2
Z “sin?B
\ . LHS = RHS pp— 12




Activity 3

1.1 sin 320° = sin (360° — 40°) = — sin 40°

1.2  cos 140° = cos (180° — 40°) = — cos 40°

1.3 tan 310° =tan (360° - 50°) = - tan 50°

1.4 sin 640° =sin (360° + 280°) = sin 280° = sin (360° — 80°) = —sin 80°

2.1 tan 140°-cos 320° __ — tan 40°(cos 40°)

sin 220° —sin 40°
_ sin40° o1
= cos 407 <95 40" a0

=1
2.2 tan? 300° = [tan (360° - 60°)]%2 = [~ tan 60°]?
=(-v/3)2=3

Note: (- tan 60°)? is not the same as —tan? 60°

tan 135° P o_ —tan 45° 2 2o
23 sin 150° + cos 3OO°+COS 240 ~ sin 30° + cos 60°+COS 60
=+ 3
= 4+ (=
1,1 °1\2
272
—_121__3
=-1+2=-3

3 k=sin 16°

3.1 sin344°=-sin16°=-k

32 sin196°=-sin16°=-k

33 sin164°=sin16°=k

34 sin376°=sin16°=k

35 sin736°=sin16°=k

36 cos16°=v1-sin216° =1 -2

o_SiN16° _ k
3.7 tan16 =516 1

Activity 4
1 sinx'(—tanx)_1
: tanx-(-sinx)
. 1 1 2
2. LHS: T+cosx | T-cosx RHS: sin? x

— 1-cosx+1+cosx
(1 + cos x)(1 - cos x)

2 _ 2
T 1-cos?x  sin?x
.. LHS =RHS

(-tan B)(-sin P) - (—-cos B) _ [sin?f L
3. ] = COSB+cosB) * osP @
cosf
_sin?B+cos?P B
= osp X Cos @

1 —
_COSBxcosB—1 o,

s~
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4, LHS: [cos A][cos A + (=sin A)(tan A)]

(sin A)
cos A

=cos A |cos A-sin A-
=cos?A-sin?A
=cos?A-(1-cos?A)

=cos’A-1+cos’A

RHS: 2 cos? A -1

=2cos’A-1
Activity 5
1 €os 250%tan 315° _ (~cos 70°)-(-tan 45°)
’ sin 200° (-sin 20)
_ (=sin 20°)(-1) — 1
(=sin 20°)

2. sin80°=a

2.1 cos 10°=sin 80°=a

22 ¢cos190°=-cos 10°=-5sin 80° =

23 sin10°=v1-cos210° =1 - a2
24 cos350°=cos 10°=sin80°=a

2.5 €0s530°=cos 170°=-cos 10°
=-5sin 80°
=-da

2.6  sin280°=-sin80°=-a

Activity 6
1 sin x-(-tan x)(-sin x)_ sin x
-sin x-(cos x)(-tanx) ~ COSx

2. LHS:3NX _ 3 cos x.(~tan x)

=tanx

-sin x)

:tanx—3c05x-(cosx

=tanx+3sinx
. LHS =RHS

Activity 7

1. sin 8 =-0,625
- 0=-38,68°+k360° or

2. sin©0=0,328
0=19,2°+k-360° or

—d

RHS:tan x + 3 sinx

0=218,7°+k360% ke Z

0=160,9°+k360° ke Z

.. Solution set: 0 € {~340,8° -199,1° 19,2° 160,9°

Activity 8

1. cos 6 =-0,625
. 0=1128,7°+£k360% ke Z
cos 0=0,82
- 0=34,9°+k-360° or

0=-34,9°+k360% ke Z

.. Solution set: 0 € {-38,8° 38,8° + 321,2°}



Activity 9
1.1 sin®=-0,21

0=-12,1°+%k360° or 0=192,1°+k360% ke Z
1.2  cos % =3,21

No solutionas -1<cos0<1 .. Max value of cos O is 1.
1.3 cos % =-0,21
%: 102,1° + k-360° or %:—102,1°+k-360°,ke Z

5 0=2042°+k720° or  ©=-2042°+k720°
14 tan (0 +30°) = 20,21

- (0+30°) =872°+4180% ke Z

. 0=57,2°+k180°
15 4+tand=-212

- tan g =-6,12
g =-80,7°+k180° ke Z

50 =-242,2°+k-540° ke Z
2. 2 cos (6 —20°) = 0,632
cos (0 -20°=0,316
- 0-20°=171,6°+ k-360°
- 0=91,6°+k360° or 0=-51,6°+ k-360°
Solution set: 6 € {-268,4° -51,6° 91,6}
3. -5tan 0 =-5,05
tan 6 =1,01
5.0=453°+£k180% ke Z
Solution Set: 6 € {45,3° 225,3°

Activity 10
1. A A =80° (£ sumin A)
BC _ AC .
35 S SnA=SnB (Sine Rule)
. _ 35 o
iy T~ - BC= <in 63 sin 80
BC=38,7°
AB _ AC . !
sinC~ sinB (sine Rule)
~ AB=-32_in37°=236

sin 63°

~AB=236 @

l["

s~
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2. p P=63° (Zsumin A)
PR QR .
5n G gin—P (Sine Rule)
_ 35 o
PR = sneaesin 75
PR=37,9
PQ _ 35 .
LS = 42N\ p sin 42° _3gin 63° (Sine Rule)
PQ= snezesin 42°
PQ=126,3
Activity 11
1. B AC? = AB? + BC2 - 2AB-BC-cos B
(100)2 = (80)2 + (90)% — 2(80)(90)-cos B
. (100)% - (80)? - (90)> _
80 90 5@80)00)  —CosB
0,3125=cos B
A 71,8°=8B
100 C
sinC_sinB S R|§_7—|80
80 = 100 (Sine Rule: B=71,8°)
-.sinC=0,75...
~C=49,5° ~. A=587°(Linsum A)
2. K LM?2 = KL2 + KM?2 - 2KL.
132° KM.cos K
5 7 LM2 = (5)2+ (7)2 -
2(5)(7)cos 132°
L M LM?=120,8...
sins M_ sin11132° LM=10,99... =11,0
. Sin M — M.S
. - 11
sin M =0,33...
L M=197° - [=283°(Lsumin )
Activity 12
1. T,=71°  (VILTB)
V=66° (/ sumin APVT)
PT v
> In AVTP: = =
24° /1 . 28Sln V. sin (p1 + Pz)
28 m 19°%\573 PT=2205 @355I 66°
PT =37,5 metres
1>19°
oo 2 [
, 4 T B
4
‘ v
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o_ TB
cos 19 =375

355m=TB

(Working in right-angled ATBP)

Building is 35,5 metres from the tower.

2.
A,=161,7° (str.angle)
C,=4,6° (Zsumin A)
AC _ AD . .
SinD ~3inC. (sin rule in AADC)
AC _ 45
sin 13,7° ~ sin 4,6°
AC=132,9 metres
.AB _
In AABCA.E';AC =COs A,
1329 = cos 18,3 .. AB =126,2 metres
% =tan 18,3° .. BC=41,7 metres
Height of Tree =41,7 m  Width of River = 126,2 metres
3.1 BAC=108° (str).. BC?>=AB?+ AC?>-2AB-AC.cos 108°
BC2= (4,5)2 + (5,6)2 — 2(4,5)(5,6)-cos 108°
BC=8,2 km
sin C _ sin 108°
3.2 45 — 82
sinC=0,52...
C=315°
3.3 Area AABC =1(4,5)(56)sin 108°
=11,98 sq km
Activity 13
1.1.1 sin161°=sin 19°=¢
1.1.2 cos71°=sin19°=t¢
1.1.3 sin341°=-sin 19°=—¢
1.14 cos19°=v1-sin219° =v1 -2
o_ SiN71° _cos19° _ V1 -7
V15 an 7 = T =Snios = 7
(—cos 45°)-tan 60°(-sin 45°) _ -1 -1\ .1
12 (o) 5.
13 sin 80°(=sin x)(-sin x)

(sin x)(cos x)(-tan x)-cos 10°
cos 10°(sin? x)

—sinx
Ccos x

a cos 10°(sin x)(cos x)-
=-1

l["

s~
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_sin? B+ cos B(1 + cos B) 1
1.4 LHS: (1 + cos B)(sin B) RHS: Sin P
_sin?B+cos B+ cos? B

(1 + cos B)(sin B)
(1 +cosp)

(1 + cos B)sin B
__ 1
" sinPB

. LHS=RHS
1.5.1 tanA=-0,758
A=-372°+k180° ke Z
152 cosA+032=1
cosA=1-0,32=0,68
A =472+ k360°0or A=-47,2°+k360° ke Z
1.5.3 sin2A=0,72
2A =46,...° + k360° or 2A=180°-(46,...°) + k360° ke Z
A =23,03°+4180° 2A=133,9...° + k-360°
A=66,97°+k-180°

2.1.1 2tan? (-30°) - 3 cos 300° - 2 sin%(-1035)
=2 tan? (30°) - 3 cos 60° - 2 sin? (1 035)
- % (%)2 _%(%) ~25sin?(315°)
_ 31 3 1\2_1 3 _ -5
=3() ‘1‘2(5) =272 '7%
2.1.2 sin 303°cos 213° - m-cos 33°cos (-57°)

= (-sin 57°)(-cos 33°) - 1 __cos 33°(cos 57°)

(~tan 57°)
=sin 57°sin 57° + ! >-sin 57°.cos 57°
tan 57

= sin257° + $9557° ¢in 57°.cos 57°
sin 57
=5sin?57°+ cos?57° =1
2.2.1 LHS: (SinA + 1) LI

cos A sin A

. cos A
_ (sm A + cos A)(cos A " 1)
cos A sin A

_ (sin A + cos A)(cos A + sin A)
- cos A sin A

_sin? A+ 2sin Acos A+ cos?A
- sin Acos A

:1+25inAcosA
sin Acos A

D 1 + 2sinAcosA
@ ~sinAcosA ' sinAcosA
_ 1 _
“ sinAcos A +2=RHS
cos A 1+sinA
@ 222 T+sinA T cosA
__cos? A+ (1 +sin A)?

(1 + sin A)cos A

_cos?’A+1+2sinA+sin?A

- (1 +sin A)cos A

__1+142sinA _ 20 +sinA) _ 2 — RHS
(1+sin A)(cosA) (1 +sin A)cosA cos A

<« 2N

L

g
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223 1=sind _ g RHs:( 1 S‘”e)2

1+sin® cos6  cosH
(1-3sin6)?
cos? 6
_(1-sin9)?
~ 1-sin?0
(1-sin0)(1 -sin )
(1 -sin0)(1 +sin 6)

_1-sinB
T 1+4sin0O
LHS = RHS
1 1. 1
224 LHS [—sin 0 cos 6] - [tan o —tan 6]
_—cosB-sinb . [sinG cos 6]
~ sinBcos® " lcos® ' sin®O
_ —(cos B +5sin ) cos 0.sin 0
~ sinBcosO sin? 0 + cos? 0

=-c0s 0 -sin 0 =RHS

23  cos(2f-30°=-0,378
2-30°=112,2...° + k-360° or 2B-30°=-1122... +k-360°

2B=142,2... + k:360° 2B =-82,2... + k360°
B=71,1°+k180° B=-41,1°+k180% k€ Z
31 F,=572° H
A, =8,5° (£ sumin AHTF) /A
. HF _ 95
In AHTF: sin114,3 " sin 8,5 <243
HF =585,77... Tar---/ -

JHM
In AFHM: HE = sin F1
HM = (sin 32,8)(585,77...) 5
=317,3 metres

Hill is 317,3 metres high. 2 32,8°

3.2 D

3520 m

In ADCA: % =sin 47,6°

AD=4766,7... @
. AB _4766/7...
In ADAB: G 5055 =g 3.4°
AB =4 920,0 m @

AB=4,92 km

Page 213




